Parametric resonance occurring in many mechanical systems has a special resonance mechanism compared with external resonance, and it is usually produced under the excitation, whose direction is not parallel to the motion direction of the system. In this paper, we clarify that parametric resonance can be induced also under the excitation parallel to the motion direction of the system in the case when the system is subjected to asymmetric restoring force. The dependency of the unstable region of the trivial steady state on the magnitude of the asymmetric component is investigated and the steady state under the parametric excitation is examined by nonlinear analysis. Furthermore, we use a simple experimental apparatus of a system subjected to magnetic asymmetric nonlinear restoring force and discuss the validity of the theoretical results.
Introduction
In time-dependent linear and nonlinear mechanical systems, various types of resonance, i.e., external resonance, self-excited resonance, parametric resonance, internal resonance, superharmonic resonance, and subharmonic resonance can be produced (1) . Many studies on parametric resonance have been performed as well as nonlinear resonances. Wu and Thompson (2) studied the parametric resonance of the wheel/track system caused by varying dynamic stiffness of the discretely supported track. Rhoads et al. (3) investigated dynamic response of a class of electrostatically driven microelectromechanical oscillator in which parametric excitation arises from forces produced by fluctuating voltages applied across comb drives. Pratiher et al. (4) investigated parametric instabilities of a cantilever beam with magnetic field and axial load. Panda and Kar (5) studied parametric and internal resonance in a pipe conveying pulsating fluid. Chen and Yang (6) examined parametric resonance of axially moving viscoelastic beams with time-dependent speed. Kim et al. (7) studied parametric resonance of plates in a sheet metal coating process. In parametrically excited system with cubic nonlinearity, the stable trivial solution becomes unstable and additional stable nontrivial solutions appear through pitchfork bifurcations in the case when the excitation frequency is in the neighborhood of twice the natural frequency of the system (8) . Parametric resonance generally occurs under the excitation whose direction is not parallel to the motion direction of the system. For instance, in the parametric resonance of the vertically excited pendulum, the direction of excitation is vertical and the motion of the pendulum is not parallel to the excitation. Yabuno et al. (9) (10) indicated that a parametric resonance can occur due to a quadratic nonlinearity of the restoring force even in the case when the direction of excitation is parallel to the motion direction of the system and proposed a bifurcation control method for its stabilization (11) . However, the characteristics of such a type of parametric resonance have not been investigated in detail.
In this paper, we theoretically and experimentally investigate the parametric resonance
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Vol. 2, No.3, 2008 Fig. 1 Nonlinear spring-mass system (I) due to asymmetric nonlinear restoring force. The unstable region by the parametric excitation is shown. Also, for the system subjected to two kinds of asymmetric nonlinear restoring force, the 1/2-order subharmonic resonance is produced together with the parametric resonance, and it is clarified that the 1/2-order subharmonic excitation can cancel the parametric excitation. The discussions and results in this paper are widely adaptable to the dynamics of externally excited asymmetric nonlinear systems.
Equation of motion and theoretical analysis

Parametric resonance caused by asymmetric nonlinear restoring force
When the nonlinear restoring force of a spring satisfies the relationship of F(Δx) = −F(−Δx), where Δx denotes extension of spring, the restoring force is called symmetric. For instance, the nonlinear restoring force expressed as F(Δx) = −k 1 Δx − k 3 Δx 3 is symmetric. On the other hand, in the case of F(Δx) −F(−Δx), the restoring force is called asymmetric. The nonlinear restoring force expressed as
The quadratic nonlinearity breaks the symmetry of the restoring force. First, we consider a system supported by a spring producing asymmetric nonlinear restoring force as shown in Fig 1. The other side of the spring is harmonically excited. The extension of spring is expressed as Δx = x − x e = x − a e cos Nt and the restoring force of spring which acts on mass M is 
The asymmetry of the restoring force, i.e., the existence of the term of k 2 Δx 2 , produces the term with time-varying coefficient in the governing equation. While the excitation direction is always parallel to the motion direction of the mass M, we can predict the occurrence of parametric resonance. In this paper, we investigate the dynamics of a system supported by two asymmetric nonlinear springs as shown in Fig 2. When the extension of spring is Δx from the equilibrium state, nonlinear restoring force acting on mass M can be expressed as 
where the dot indicates the derivative with respect to dimensionless time t * and μ denotes the damping coefficient of the system. The dimensionless parameters in Eq. (3) are expressed by the dimensional parameters as follows:
In the case where the excitation frequency is in the neighborhood of twice the natural frequency of system ν ≈ 2, we can predict from Eq.(3) the occurrence of parametric resonance due to the term of 2k * 2R a * e cos νtx * and 1/2-order subharmonic resonance due to the terms of
The parametric resonance and the 1/2-order subharmonic resonance occur together in the case where magnitude of quadratic nonlinear term F R (Δx) and F L (Δx) is different. We notice that the effect of 1/2-order subharmonic resonance changes according to the sign of the coefficient of
In the case where magnitude of quadratic nonlinear term F R (Δx) and F L (Δx) is equal, k * 2R − k * 2L becomes 0, only parametric resonance occurs. Next section, we investigate the dependency of the instability region of the parametric resonance on the magnitude of the asymmetric component and the nonlinear characteristics of steady-state response.
Theoretical analysis using the method of multiple scales
We analyze the occurrence of parametric resonance using the method of multiple scales. Hereinafter in this discussion, the asterisk( * ) is omitted for simplification. In Eq.(3), the damping force of the system is assumed to be small. Using the order parameter 0 < << 1, we put μ 1 = μ, whereμ = O (1) . Also, we assume the magnitude of amplitude of the mass M in the parametric resonance as O ( 1 2 ). We introduce the multiple time scales of t 0 =t, t 1 = 1 2 t, and t 2 = t, and expand x as
Substituting Eq. (5) 
where D n = ∂/∂t n . We express the nearness of excitation frequency ν to twice the natural frequency of the system by introducing the detuning parameter σ according to
The general solution of Eq. (6) is written in the form
where A is an unknown complex function andĀ is the complex conjugate of A. Substituting Eq. (10) into Eq. (7), we obtain the condition of eliminating secular terms in a particular solution of Eq. (7) as D 1 A 1 =0, and then the particular solution x 2 is expressed as
where cc stands for the complex conjugate of the preceding terms. Substituting general solution x 1 and the particular solution x 2 into Eq. (8), we obtain the condition of eliminating secular terms in particular solution of Eq.(8) as follows:
By letting
yields the autonomous system:
To solve Eq.(14), we express B 1 in polar form of
where a and β are real functions of t 2 . Substituting Eq.(15) into Eq.(10) and substituting that result into Eq. (5), we obtain the first-order approximate solution of Eq.(3) as follows:
where a and θ are given by Eq.(17)
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Letting da/dt=dθ/dt=0 yields the nontrivial steady state amplitude as a function of the detuning parameter σ as
Unstable region of the trivial steady state is described as
The term of k 2R /2 in Eqs. (18) and (19) corresponds to the effect of the term 2k 2R a e cos νtx in Eq. (3), which generates the parametric resonance. The term
sponds to the effects of the terms, (k 2R − k 2L )x 2 and k 1R a e cos νt, which generate the 1/2-order subharmonic resonance. The instability region due to the parametric resonance and the 1/2-order subharmonic resonance depends on the difference between the quadratic nonlinearities of the restoring forces of the right and left springs, k 2R − k 2L . In the case of k 2R − k 2L = 0, only the parametric resonance is produced. On the other hand, in the case of k 2R − k 2L 0 both the parametric resonance and the 1/2-order subharmonic resonance are produced. Furthermore, the effect of the 1/2-order subharmonic resonance is changed depending on the sign of k 2R − k 2L . Namely, in the case of k 2R − k 2L > 0, the instability region generated by the effect of the parametric excitation becomes wider by the effect of the 1/2-order subharmonic excitation. In the case of k 2R − k 2L < 0, however, the effect of 1/2-order subharmonic excitation decreases the effect of the parametric excitation and makes the instability region smaller. In particular, if we set the restoring force of the springs to satisfy
the effects of the 1/2-order subharmonic excitation cancels the parametric excitation, and the instability region of the parametric resonance is removed.
Correspondence to an experimental apparatus subjected to magnetic forces
In §3, we use permanent magnets as spring having asymmetric nonlinear characteristic. Here, we consider the correspondence of the magnetic force to the dimensionless parameters in Eq.(4). According to the method of the previous papers (9)(10) based on Coulomb's law in Fig   3, we approximately obtain the repulsive force in the η-direction between the total magnetic poles on the surface S 2 of magnet A and the total magnetic poles on the surface S 3 of magnet B as follows:
where δ denotes the gap between magnets A and B, and λ A , λ B and μ M , respectively, represent the magnetic flux density of magnets A and B, and magnetic permeability. In order to obtain the repulsive force between magnets A and B, we need to calculate also the repulsive force 
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Also, F R indicates the repulsive magnetic force between magnets A and B, and F L indicates the repulsive magnetic force between magnets A and B in Fig 6 , which is mentioned in the next section. We use two combinations of the magnets B and B in the subsequent analysis. For the case when the mass is subjected to the same magnetic forces from both sides (Case I), we use the same two magnets (40×20×10 mm) as B and B . Then, the corresponding values of the dimensionless parameters are k 1R =0.5,
For the case when the mass is subjected to different magnetic forces from both sides F L < F R (Case II), we use a magnet (40×20×10 mm) as B and a smaller magnet (20×20×10 mm) as B . In this case, the corresponding dimensionless parameter values are k 1R =0.527025,
For the case of F L > F R (Case III), we use magnets, whose dimensions are 40×20×10 mm and 40×40×10 mm, as magnets B and B , respectively. In this case, the corresponding dimensionless parameter values are k 1R =0.555375,
Also, the dimensionless damping coefficient is μ=0.01 and the representative length is set as x st =0.031 m which is the gap of magnets A and B in equilibrium state for the case that dimensions of magnet B(40×20×10 mm) and B are the same.
Figures 4 and 5 show instability regions in which trivial steady state is destabilized. The horizontal and vertical axes denote the excitation amplitude and frequency, respectively. The hatched part represents the instability region of the trivial steady state. In Fig 4, solid lines indicate the boundary in Case II (F L < F R (k 2L k 2R )). The boundary frequency of the instability region at the excitation amplitude a e =0.058 is ν=2± 0.0172. On the other hand, the dashed and dotted line indicates the case that dimensions of magnets B and B are the same 
The boundary frequency at the excitation amplitude a e =0.058 is ν=2± 0.0159. Dashed and dotted lines indicate the same case as in Fig 4. The instability region in the case when the magnetic forces of B and B is not the same, i.e., k 2L k 2R , is always wider than the case when the magnetic forces are the same, i.e., k 2L =k 2R , because the effect of the 1/2-order subharmonic resonance is added to that of the parametric excitation. In other words, the instability region does not depend on the magnitude of the restoring forces themselves, but is enlarged by the difference between the quadratic nonlinear components in the restoring forces of the left and right springs.
Experiment
The experimental apparatus is shown in Fig 6. We utilize repulsive permanent magnets as a spring with asymmetric nonlinear characteristic. The mass M, which is subjected to the repulsive magnetic forces from both sides, can move freely only in the y-direction on a slide bearing(BSU, IKO Corp) which is mounted on the horizontal plane. We move magnet A in the y-direction as y 0 = a e cos Nt by an electromagnetic shaker (Type 513-B; EMIC Corp). The dimensions of magnets A and A are 50 × 50 × 18 mm. The motions of magnet A and the mass M are measured using laser displacement sensors (LB-01; Keyence Corp). In the subsequent every experiment the natural frequency of the system is set to be 2Hz. Figure 7 shows experimentally obtained frequency response curves. Crosses represent Case I (F L =F R (k 2L =k 2R )), circles represent Case II (F L < F R (k 2L k 2R )), and triangles represent Case III (F L > F R ). We experimentally obtain the response amplitudes while decreasing excitation frequency from twice the natural frequency of the system. The arrow indicate sudden decrease of the response amplitude of the system, and then we cannot observe pitchfork bifurcation, which generally occurs in the parametrically excited system with cubic nonlinearity. Therefore, we cannot exactly specify the lowest excitation frequency at which the parametric resonance begins to occur. This may be due to the effect of the Coulomb friction on a slide bearing which mounts mass M. In other words, the response amplitude below a threshold value may be attenuated by Coulomb friction. We regard the excitation frequency where the response amplitude suddenly decreases as the lowest excitation frequency that the parametric resonance begins to occur. Furthermore, due to the Coulomb friction, the upper boundary of the unstable region of the trivial steady state cannot be measured exactly. Taking into account the effects of Coulomb friction, we show experimentally predicted boundaries of the unstable region in which the trivial steady state is unstable. In Fig 8, crosses and circles indicate the boundaries of Case I (F L =F R (k 2L =k 2R )) and Case II (F L < F R (k 2L k 2R )), respectively. We plotted experimentally obtained results below excitation frequency 4Hz and results based on theoretical analysis in the region over excitation frequency 4Hz, i.e., from the fact that the instability region is symmetric to excitation frequency which is twice the natural frequency of the system. Hatched region represents the instability region. As the excitation amplitude increases, the instability region becomes wide. In addition, the instability region in the case of F L < F R is wider than the case of F L =F R as theoretically predicted. In Fig 9, crosses and 
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Conclusion
In this paper, we investigate the parametric resonance in a system supported by two springs with asymmetric nonlinearity under external harmonic excitation. We show the occurrence of the resonance due to the asymmetry of the nonlinear restoring force under the external excitation. We clarify the change of the instability region of the trivial steady state depending on the asymmetry of the nonlinearity. We utilize repulsive permanent magnets as nonlinear springs with asymmetric nonlinearity. We confirmed the theoretical predictions with a simple experimental apparatus. The results are summarized as follow:
( 1 ) Due to the asymmetric nonlinear restoring force, parametric resonance can occur under external harmonic excitation. Then, the direction of the excitation is always parallel to that of the motion of the system in contrast with that in the usual parametric resonance.
( 2 ) The instability region of the trivial steady state due to the parametric excitation depends on the 1/2-order subharmonic excitation simultaneously produced. The instability region changes by the magnitude of difference between quadratic nonlinearity of two springs. A special tuning of the quadratic nonlinear component of the springs can cancel the parametric excitation by the 1/2-order subharmonic excitation.
( 3 ) The above theoretically predicted parametric resonance and some characteristics are experimentally confirmed by using a simple apparatus. The dependency of the instability region on the magnitude of the asymmetric component is in qualitative agreement with the theoretical ones.
